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Abstract: 

We give a new proof of the classical result due to Rodney Y. Sharp and 
Peter Vamos on the dimension of tensor product of a finite number of field 
extensions of a given field. 

1 Introduction 

Let K he a. field. In this note, we prove some results on A'-algebras. All rings 
and algebras are commutative with identity 7^ 0. By the dimension of a ring 
A we mean the KruU dimension and denote it by dim A. The transcendence 
degree of a field extension L/K shall be denoted by trdegxL. The results in 
this note grew while trying to understand the classical result on dimension 
of the tensor product of two field extensions proved in [6]. We first prove 
[Theorem 1] : Let R G A he rings where R is an integral domain with its 
field of fraction K. Then (1) If Xi,X2, ■■■,Xn are algebraically independent 
over A and A contains ti,t2, ...tn algebraically independent over R then for 
L = K{Xi, Xn), dim{L A) > n+dim S~^A where 5* is the multiplica- 
tively closed subset R[ti,...,tn] — {0} of A, and (2) If Xi, X2, Xn, ... are 
algebraically independent over A and A contains ti,t2, ...tn, ... algebraically 
independent over R then for L = K{Xi, ...,Xn, ...), dim{Ll^j^A) = 00. In 
Corollary 2.3, it is shown that equality holds in Theorem 1 under certain con- 
ditions. These results are used to find the dimension of the tensor product 
of a finite number of field extensions of a given field proved in [7]. Further, 
we give [Theorem 2.7] an alternative proof of the well known result that 
for an affine i^'-algebra A over a field K, for any non-zero-divisor / G A, 
dim A = dimA[l/ f]. 
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2 Main Results 



Before we prove that main results, let us recollect : 

(i) [5, Theorems 7.3 and 9.5]: If S is a faithfully fiat A-algebra then dirriB > 
dim A. 

(ii) [5, Exercise 9.2] If a ring B is an integral extension of a ring A then 
dim A = dimB. 

We shall use these facts, whenever required, without further mention. 

Theorem 2.1. Let R G A be rings where R is an integral domain. Let K 
he the field of fractions of R. Then 

(1) If Xi, ■ ■ ■ ,Xn are algebraically independent over A and A contains ti, 
i = 1, ■ ■ ■ ,n algebraically independent over R, then 

dimi^(Xi, ■ ■ ■ ,X„) ^RA>n + dimS^^A 

where S = R[ti, ■ ■ ■ ,tn] — {0}. Further, if A is Noetherian, then 

dimii'(Xi, ■ ■ ■ ,Xn) <^rA< dimA + n. 

(2) If Xi, ■ ■ ■ ,Xn, ■ ■ ■ are algebraically independent over A and A contains 
ti,i = 1,2, ■■ ■ ,n - ■ ■ algebraically independent over R, then 

dimK{Xi,--- ,X„,---)®R^ = oo. 

Proof (1) Let § A' ^ ^2 § " " • § be a chain of prime ideals in S^^A. 
Then there exist prime ideals Pq ^ -Pi ^ -^2 ^ ■ ■ ■ ^ Pm in ^ such that 
Pi n 5 = and S-^Pi = PI- Note that 

Po ^ Pi ^ P2 ^ • ■ ■ ^ Pm ^ (Pmj Xi —ti) ^ ■ ■ ■ ^ (Pm, Xi —ti, ■ ■ ■ , — 1„) 

is a chain of prime ideals in ■ ■ ■ , X„]. If for T = R[Xi, ■ ■ ■ , X„] — {0}, 

T n (Pm, - ti, ■ ■ ■ , X„ - t„) ^ 0, then there exist /(Xi, ■ ■ ■ , X„)(^ 0) e 
R[Xi, ■ ■ ■ , Xn] such that 

/(Xi,--- ,Xn)=g{Xu--- ,Xn) + J2{X,-t,)h,{Xi,--- ,Xn) 

where hi e A[Xi, ■■■ , X„] and g{Xi, ■■ ■ , X„) G Pm[Xi, ■ ■■ , Xj. This im- 
plies that f{ti,-- - ,tn) = g{ti,--- ,tn) € Pm- Since tj's are algebraically 
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independent over i?, f(ti, ■ ■ ■ 7^ G Pm H S. This contradicts our as- 
sumption on Pj's. Therefore T fl {Pm, — ti, ■ ■ ■ , — tn) = (p, and 

dimT-\A[Xi, ■ ■ ■ ,X„]) > n + dim^-^ 

where T = R[Xi, ■ ■ ■ , X„] — {0}. Now, note that 

as -R[Xi, ■ ■ ■ , X„]-algebras. Hence 

^ dim(J'r(Xi, ■ ■ ■ , Xn) ®RA)>n + dim 5""^. 

The final part of the statement is immediate since K{Xi, X„) ®r A is 
a locahzation of R[Xi, ■ ■ ■ , X„] ®_r A which is isomorphic to v4[Xi, ■ ■ ■ , Xn]- 
Further, as A is Noetherian, dimA[Xi, ■ ■ ■ ,Xn] = dimA + n [5, Theorem 
15.4] 

(2) Let us note that 

K{Xi, - ■ ■ ,Xn, - ■ ■)®K{x,,-,x„){K{Xi, - ■ ■ ,Xn)®RA) = K{Xu - ■ ■ ,Xn, - ■ ■)®rA 

Hence K{Xi, ■ ■ ■ , Xn, ■ ■ ■) ®r A is faithfully fiat K{Xi, ■ ■ ■ , X„) ®b. A - 

algebra. 

Therefore 

dimK{Xi, ■■■ ,Xn,- ■ ■) ^nAy dimK{Xi, ■ ■ ■ , X„) 0^ A 

> n (use(l)) 
=^ dimK{Xi^ ■ ■ ■ , Xn, ■ ■ ■ ) ®r A = 00. 

□ 

Remark 2.2. In above Theorem, if B is any K{Xi, ■ ■ ■ , X„)-algebra, then 

dimB ®rA> dimK{Xi, ■ ■ ■ , Xn) <»r A 

>n + dimS'"^A 
Further, if B is K{Xi, ■ ■ ■ , X„, ■ ■ ■ )— algebra, then 

dimB ®_R A = 00. 

These observations are immediate since B(^rA is faithfully fiat K{Xi, ■ ■ ■ , Xn)(E)R 
A{K{Xi, ■■■ ,Xn,---)(S)RA)- algebra. 
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Corollary 2.3. Let K be a field and A be a K-algebra. If Xi, ■ ■ ■ , X„ are 

algebraically independent over A and A contains a field extension of K of 
transcendental degree > n, then 

dimK{Xi, ■ • ■ , Xn) ®k A>n + diniA. 

Further, if A is Noetherian, then 

dimK{Xi, ■ ■ ■ , Xn) ®k A = n + dimA. 

Proof. By assumption on A, there exist ti, ■ ■ ■ ,t„ algebraically independent 
over K such that K{ti, ■ ■ ■ , t„) C A. Hence for S = K[ti, ■ ■ ■ , tn]—0, S~^A = 
A. Therefore, by the Theorem 1, 

dimK{Xi, ■ ■ ■ , Xn) ®x A >n + dimA. 

Further, let A be Noetherian. Then as 

K{X,,--- ,Xn) ^KA = T-'A[X,,---,Xn] 

where T = [Xi, ■ ■ ■ , Xn] — 0, it is immediate that 

dimK{Xi, ■■■ , Xn) ®k A < dimA[Xi, ■■■ , X„] 

= n + dimA 

Consequently 

n + dimA = dimK{Xi, ■ ■ ■ , Xn) ®k ^• 

□ 

Theorem 2.4. Let Li,i = 1, ■ ■ ■ ,n be a field extension of a given field K 
and let trgdeg^Li = ti. Assume ti < t2 ■ ■ ■ < tn-i < tn- Iftn-i < oo then 

dim{Li ■■■®K Ln) = + ^2 H h tn-l, 

otherwise 

dim{Li ®x ■ ■ ■ '^K Ln) = oo. 

Proof. We shall consider the two cases separately. 
Case I. ti < t2 < ■ ■ ■ < tn^i < oo. 

Let Bk = {xk^,Xk2, ■ ■ ■ Xktf,} be a transcendental basis of over K for 
/c = 1,2, ■ ■ ■ ,n - 1. Put Ek = K{xki,Xk2,- ■ -Xktk)- Then Efc/ZT is purely 
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transcendental field extension of transcendental degree tk and Li^/Ei^ is alge- 
braic. Hence 

ii(g>---®i„_i®i"(i 

El (g)K E2 (S)K ■ ■ ■ ®K En-1 ®K Ln ^ Li®k L2®K ' ' ' ®K Ln, 

where ik '■ Ek ^ Lk is inclusion map for /c = 1, ■ ■ ■ , — 1 and Id is identity 
map, is an integral extension. Therefore 

dim{Li ®K ■ ■ ■ ®K Ln) = dim{Ei ®k E2 ®k ■ ■ ■ ®k En-i ®k Ln)- 

Let Fii, ■ ■ ■ Yu^,Y2i ■ ■ ■ ^2*2^ ■ ■ , ^(n-i)i, ■ ■ ■ , y{n-i)t(„_i) be algebraically 
independent elements over K. Then for = K{Yii, ■ ■ ■ , Yu^), k = 1, - ■ ■ , n— 
1, we have 

Fi®K ■ ■ ■ ®K Fn-l ®)K Ln = Ei®K ' ' ' ®K -E„_l ®K Ln 

Therefore 

dim{Fi ®K ■ ■ ■ ®K Fn-i ®k Ln) = dim{Li ®k ■ ■ ■ ®k Ln) 
Let us note that F2 ®k ■ ■ ■ ®k -^n-i ®k Ln is a localization of 

Ln\X2l ■ ■ ■ ^2t2; ' ' ' ; ^n-1,1, " " " 7 ^(n-l)i(„_i) ] 

over a multiplicatively closed subset, hence is a Noetherian ring. Therefore 
by Corollary 2.3, 

dim{Fi ®K ■ ■ ■ ®K Fn-i ®k Ln) =ti + dim{F2 ®k ■ ■ ■ ®k Fn-i ®k Ln). 

By successive application of the Corollary 2.3 or by induction it is immediate 
that 

dimF2 ®K ■■■ ® Fn-l ®k Ln = t2 -\ h tn-l 

Hence in this case the result follows. 

Case 2. tn-i = tn = oo. 

First of all, note that for any a E Sn 

Li®K ■ ■ ■ ®K Ln = L^(i) ®K---®K Lain)- 

Therefore 

Li®K---®K Ln = Ln ®K ®K ' ' ' ®K L2 ®K ^1- 
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Put B = ®x ■ ■ ■ L2 ®K Li. Then 

dim{Li ®K ■ ■ ■ ®K Ln) = dimLn ®k B. 

By assumption B contains infinite algebraically independent elements over 
K. Hence the result is immediate from Theorem 1(2). 

□ 

Remark 2.5. If Aj, i = 1, ■ ■ ■ , n denote integral extension of Lj, then 

diniAi ®K ■ ■ ■ ®K An = dimLi ■ ■ ■ ®a' Ln- 

Further, if Ai is any Lj — algebra, then 

diniAi ®K ■ ■ ■ ®K An > dim{Li ®k ■ ■ ■ ®k Ln). 

Lemma 2.6. Let K[Xi, ■ ■ ■ , X„] = K[X] be a polynomial ring in n-variables 
Xi,i = 1, ■ ■ ■ n over a field K . Then for any /(t^ 0) G -^'[X], dimK\X^, 1//] = 
n. 

Proof. Let K be the algebraic closure of K. Then, since /'^[X, integral 
over -fr[X, 1//], we have 

dimK%,l/f] = dimK[X,l/f]. 

Hence, to prove the result, we can assume that K is algebraically closed. 
Note that dimK[X] = n and for the multiplicatively closed subset S = 
{f*\t > 0},S~^K[X\ = K%,l/f]. Since / ^ 0, / does not vanish on K"". 
Thus, if for A = Ai,--- ,A„ in K'^,f{X) 7^ 0, then for the maximal ideal 
M = {Xi- X,--- ,Xn- Xn) in K[X], M n 5 = 0. Therefore S-^M is a 
maximal ideal in S-'^K[X]. Clearly, height of M,i.e. MM = n = htS'^M. 
Therefore dimK[X^, l/f] = n. □ 

Theorem 2.7. Let A be an affine algebra over a field K . Then for any non- 
zero-divisor f in A, dimA[l/f] = dimA. 

Proof. Let A = ^^l^iiZj^^A^ Since / is a non- zero-divisor in A, f lies in no 
prime ideal associated to I in K[Xi, ■ ■ ■ , Let p be an associated prime 
ideal of I in K[Xi, ■ ■ ■ , Xn] such that 



p 



Then /, image of / in jg non-zero. Note that dimA[/ f] < dimA. 

Further, as .[1//]] is a quotient ring of y4[l//] in a natural way, 

dimA[l/f] > dzm^^^ii-p^[l/7]. 
Thus to prove Theorem, it is sufficient to show that 

Let us observe that 

' ^ ^ -p 

is ^^^^'p '^""^ algebra isomorphism. Therefore 



We note that /F - 1 ^ p[Y]. As A ^'^^'^"'^"i [1//] is an integral do- 
main, the ideal (p, fY — 1) is prime in K[Xi, ■ ■ ■ , X„, y]. Now, note that 
K[Xi, ■ ■ ■ , Xn, Y] is a Cohen- Macaulay ring of dimension n + 1. By [4, Ex. 
19,page 104], ht{p, fY-l) = htp + 1. Therefore 

K[X,,... ,X^][Y] 
^'^^ 1 — — T\ = in + l)- [htp + 1 



dim 



= n — htp 



p 

Thus dimA = dim A[l / f]. □ 

We, now, deduce the following well known result: 

Corollary 2.8. Let A be an affine algebra over a field K which is an integral 
domain. Then dimA = trdegxL where L is the field of fractions of A. 
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Proof. Let ■ ■ ■ ,ys} be a maximal algebraically independent set of ele- 
ments in A over K. Then every a G A is algebraic over K[yi, ■ ■ -y^]. Since 
A is an affine algebra over K,A = K[ai, ■ ■ ■ ,at] for some ai,i = 1,2, ■■■ ,t. 
Since each is algebraic over K[yi, ■ ■ - ys] there exists an element 0) G 
K[yi, ■ ■ - ys] such that v4[l//] is integral over K[yi, ■ ■ Thus 

dzmA[l/f] = dimK[y,,--- ,ys][l/f] 

= s {Lemma2.6) 
Therefore by Theorem, it is immediate that dirriA = trdegKL. □ 
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